GLOBAL HYPOELLIPTICITY OF THE KOHN-LAPLACIAN ON 
PSEUDOCONVEX CR MANIFOLDS 



TRAN VU KHANH 



Abstract. Let X be a complex manifold and M C X a compact, smooth, pseudoconvex 
CR manifold of dimension 2n — 1. (Here n > 3 or, in case n = 2, it is made the extra 
assumption that db has closed range on functions.) Assume that there exists a strictly 
CR-plurisubharmonic function in a neighborhood of M in X. In this situation, there are 
here proved 

(i) The global existence of C°° solutions to the tangential Cauchy-Riemann operator 
4. 

(ii) The global hypoellipticity of the Kohn-Laplacian Of,, under the additional condition 
of "weak Property (P)" . 

The related result to (ii) for the complex Laplacian □ in a domain/annulus of X is also 
obtained (as for d it was already stated by Kohn and Shaw in [K73j and |Sh85] ). 
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1. Introduction 

Let M be a smooth compact manifold of odd dimension 2n — 1 in a complex manifold X, 
dimcX = N {n < N). Denote by T^M the distribution of complex tangent vectors; we 
assume that M is a CR manifold of hypersurface type (or CR manifold for short), that is, 
dime T'^M = n — 1 and therefore dim (^r^) = 1- We decompose the complexified bundle 
CTM as the direct sum of the bundles of vector fields of type (1, 0) and (0, 1) respectively, 
that is, CTM = T^'°M®T°^^M. We choose a local basis Li, of (1, 0) vector fields, 
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the basis Li, of conjugated (0, 1) vector fields, and supplement them by a purely 
imaginary vector field T G TM transversal to T^'^M © T°'^M in such a way that a full 
basis of CTM is obtained. We denote by Ui, ...,ijJn-i,(^i, ■■■,o^n-i,'l the dual basis of 1- 
forms. We define the Levi form Cm of M as the Hermitian form Cm{L,L') := d'y{L,L') 
for L, L' G T^'°M. Let (cjj)jj=i „_i be the matrix of Cm in the above basis; Cartan 
formula yields 

[Li, Lj] = CijT modulo T^'^M © T°'^M. 

We assume, throughout the paper, that M is pseudoconvex, that is, the Levi form is non- 
negative. We denote by the space of (0, /c)-forms (or fc-forms for short) with smooth 
coefficients; if m G -B'^, then u is locally expressed as a combination 

M = ^ UjU}j, 

\J\=k 

of basis forms uj = ui A ... A Uj^ for ordered indices ji < ... < jk with C°°-coefficients uj. 
We choose a Riemannian metric (■, ■)z at each point 2; G M associated to the splitting 

CTM = T^^^M © T°'iM © CT. 

If dV is the element of volume for this metric, there is induced a L2-inner product and a 
norm on defined by 

{u,v) = / {u,v)zdV, = (u, u). 

Jm 

In general, denotes the Sobolev H'^-noim. We also define L2 to be the Hilbert space 
obtianed by completing under the L2-norm. 

There is a natural restriction to the B'^'s of the de-Rham exterior complex of derivatives 
d that we denote db : B^ ^ B^^^. We denote by Bl : B^^^ — )■ B^ the transposed complex 
of derivatives and define the Kohn-Laplacian by Dfe := dbdl + dldh. We call Levi form 
of a smooth function in M, the alternate form — dhdb)(p on T^''^M © T^'^M; 

we denote by the matrix, in the above basis, of the Hermitian form induced over 
T^'OM X T°'iM. 

Definition 1.1. Let M be a CR manifold. A smooth function A defined in the neig- 
borhood of M is said to be strictly CR-plurisubharmonic if | [dbdb — dbdb) (p + ad'y > 
for suitable constant a. 

We remark that if either M is strictly pseudoconvex or X is a Stein manifold, then 
there always exists a strictly CR-plurisubhamornic function. But it does not always exist 
in an abstract model M in a complex manifold X, (see Grauert's example in [G]). 

We begin our work by stating in Theorem 12. II of Section [2] a version of the basic Kohn- 
Morrey-Hormander estimate with weight adapted to M. Once the basic estimate is settled, 
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there is a well established L2 theory for db over a pseudoconvex CR manifold in presence 
of a strictly CR-plurisubharmonic function. Further, one can lift the estimate from L2 to 
H"^ along the guidelines of Kohn |K73] to get existence of global C°° solutions for db- The 
most general results in this respect have been obtained by Kohn and Nicoara. 

• In |K86j Theorem 5.3, Kohn showed that if M is a boundary of a smooth complex 
manifold such that M is compact and pseudoconvex and if there exists a strictly 
plurisubharmonic function defined in a neigborhood of M, then db has global C°° 
solutions. 

• In |N06] and |KN06] . Nicoara and Kohn proved existence of global solutions on 
a compact, orientable, pseudoconvex CR manifold of dimension {2n—l), embedded 
in C-^, {n < N), (for n > 3 and, in the case n = 2, under the additional hypothesis 
that db has closed range on functions). 

As a byproduct of our preparation, we can restate in a slightly more general form the above 
conclusions (without the orientability assumption and for an abstract CR manifold). 

Theorem 1.2. Let M be a CR manifold of dimension 2n — 1 endowed with a strongly 
CR-plurisubharmonic function (here n > 3, or in the case n = 2 with the additional 
hypothesis that db has closed range on functions). Then the operator db has closed range 
in if* for any s > 0. Moreover, for 1 < k < n — 1 the equation 



has a solution u E ^ . 

The proof is contained in Section H] below. It consists in using a basic estimate with a 
weight which has a big Levi form so that these are lifted from L2 to H'^ and in applying 
a standard approximation procedure. 

The space of harmonic fc-forms T-C^ := ker coincides with ker db H ker dl and is finite- 
dimensional with 1 < k < n — 2. Moreover both db and dl have closed range and we have 
the estimate 



for any < /c < n — 1. This implies in particular that maps 'H} into itself and has a 
complex bounded inverse there. 

Definition 1.3. The inverse of the induced operator by over 'H}^ is denoted by Gk 
and is called the Green operator. 

As for the global hypoellipticity of or the regularity of its inverse Gk, when M is 
the boundary of a domain in C", it was proved by Boas-Straube |BS91] in case M admits 
a plurisubharmonic defining function. A further result has been obtained by Raich |R10] 




u\\ < c{\\dbu\\ + \\dlu\\) for u e Dom{db) n Dom{dl) n H 



k± 



(1.1) 
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who proved global regularity if M is a smooth, orientable, pseudoconvex CR manifold of 
hypersurface type of real dimension at least five that satisfies a pair of potential-theoretical 
conditions that he names properties {CR-Pq) and {C R-Pn-i-q) ■ With independent tech- 
nique, Straube gets in |S10] the same conclusion without assuming that M is orientable. 

The main goal of this paper consists in stating regularity under a weaker hypothesis. 
For this, notice that along with the T-components of commutators [Lj, Lj\ which represent 
the Levi form of M, a crucial role is played by the T-components of [Lj, T] that we denote 
by Oi. 

[Li, T] = e,T modulo T^'°M © T^'^M; (1.2) 
we also introduce the notation \9u\^ = Yl' I X] ^J'^JkI^ for u & B^. With this prelim- 

\K\=k-l j<n-l 

inary, we are ready to introduce the " Property {6 — Pq)" inspired to the classical theory 
by Catlin |C84j and its further development by the author in [KhlOj . 

Definition 1.4. Let M be a CR manifold and let Zo a point of M, q an index 1 < g < n—1. 
We say that M has property {6 — Pq) at Zo if for any e > 0, there is a vector field 6 = {6j) 
defined by fll.2p under a choice of T in a neighborhood U of Zo on M and a function 
0e g C°°{U) such that for any u & B'^ we have 

f 101 < 1, 

1^ E' j:^tjW,K>\9u\' o^f^- (1-3) 

L \K=q-l\ij 

We say that the Green operator is regular when it preserves C°° smoothness; we 
say that it is exactly regular if it preserves if'^-smoothness for any integer s. Here is the 
central result of the paper. 

Theorem 1.5. Let M be a pseudoconvex, compact, smooth, CR manifold endowed with 
a strictly CR-plurisuhharmonic function and of dimension 2n — 1 (with n > 3 or, in case 
n = 2 with the additional hypothesis that dj, has closed range). Assume that {6 — Pq) 
property is satisfied for 1 < g < then the Green operator Gk is exactly regular for 
any degree q<k<n— l~q. 

The proof follows in Section [7] below. The idea which underlies the whole proof is the 
combination of global hypoellipticity of db in Section H] and the "Boas-Straube formula on 
a CR manifold" in Section |5] with the "^-compactness estimate" in Section [61 We have a 
final result which is about the 9- Neumann problem. We consider a bounded pseudoconvex 
smooth domain of a complex manifold X, or an annulus Qi \ Q2 between two bounded 
pseudoconvex boundaries, the complex Laplacian □ = dd* + d*d and its inverse A^^ on 
fc-forms. 

Theorem 1.6. (i) Let Q be a pseudoconvex domain. Assume that X is endowed with 
a strictly plurisubharmonic function and that bQ has {6 — Pq) property. Then 
is exactly globally regular for any k > q. 
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(ii) Let Q = Qi\Q2 be an annulus where Vti and VL2 CC fiij are pseudoconvex 
domains. Assume that X is endowed with a strictly plurisubharmonic function, 
and that bQi and bfl2 satisfy {6 — Pq) and {6 — Pp) property, respectively. Then 
is exactly globally regular for any k with q<k<n — 1— p. 

Proof. This is a consequence of the theorem about ^^-compactness estimates in microlo- 
cahzed version (Proposition I6.4p in combination with the equivalence between estimates 
in Q and microlocahzed estimates on bQ. This latter goes back to Kohn jK02j and was 
recently developed by the author in |KhlO] . Corollary 4.13. Finally, for passing from a 
^-compactness estimate for the 5-Neumann problem to regularity one uses the same ar- 
gument as in Section [7] of the present paper in its original version by Straube |S08] . 

□ 

2. Weighted basic estimate on a CR manifold 

We choose a basis Li, Li, Ln-i, T of tangent vector fields to M and the dual 
basis ui, ...,ijJn-i,(jJi, ...,aj„_i,7 of 1-forms. We express the operator dh : ^ gfc+i g^^d 
its adjoint dl : B^+^ in the local basis as follows. Denote S^(f/) = B^ H C^{U). Let 

u G B^{U), be written as 

u = ^ ujuj, (2.1) 
\j\=k 

where Yl' denotes summation over strictly increasing indices J = ji < ■■■ < jk and where 
u J denotes the wedge product uj = uj-^ A ... Auj,,. When the multiindices are not ordered, 
the coefficients are assumed to be alternant. Thus, if J decomposes as J = jK, then 
UjK = ^^j^uj where e'^ is the sign if the permutation jK ^ J. Then we have 

dbU = ^ (^ LiUjK - LjUiK + ^ af-^uj)ui A Uj A uk (2.2) 

|i^l=fc-i i<j \j\=k 

and 

<9> = - ^ ^{LjUjK + aKUK)u]K (2.3) 

\K\=k-l j 

where afjj^, ax 

Recall that the coefficient Cij of the Levi form d'j is identified to the T-component of 
[Li,Lj]. We further define — af- to be the Lfc-component of [Li,Lj]. We have 
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It follows 

dbU^k = ^ a^j^^i A LDj. (2.5) 

Taking conjugation yields 

dbUJk = - ^ a)>i A u]j. (2.6) 

Using again Cartan's formula we conclude that a^j coincides with the Lfc-component of 
[Li,Lj]. Thus the full commutator is expressed by 

k k 

For a smooth function we want to describe the matrix (0jj) of the Hermitian form 
\{dbdb - dbdb)(f). Now, db(j) = '^^Lk{(f))LOk and therefore 

dbdb(f) = db{^Lk{(f))uJk) 



Similarly, 



ij \ k 



dbdb(t> = db{^Lk{(j))uJk) 

k 

ij \ k 



Ui A Uj. 



cui A cuj . 



Combining d^^g]) with (^M) we get 



% = {\{9bdb - dbdb) (0), Li A Lj) 



\ L,L,(0) + L,L,(0) + (af^.Z,(0) + a%LM) 

\ k 

hm) + \ ( [^., 4](0) + + 

\ k 

Z,L,(0) + lQ,r(0) + 5^4,Lfc(0). 



by 1(213 2 

k 



We will work with the weighted Lj-norm defined by 

= (m, m)(^ := ||Me~2 IP = / {u,u)e~'^dS. 



(2.8) 



(2.9) 



(2.10) 



M 
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Let dl,p be the Lg-adjoint of db- It is easy to see that 

dl^u = - ^ y^^jSfuK + aKUK)uiK (2.11) 

\K\=k~l j 

where Sfcp := e^Lj{e-'''(p). Notice that 

dl^u = d;u+ YLj{(p)ujK^^K (^2.12) 

|i^|=fc-i j 

In particular, 
lS*,Lj] = l,L,{4,) + [U,l^] 



By developing the equalities ( 12.2p and (12. lip , we get the Kohn-Morrey-Homander in- 
equality for a CR manifold. 

Theorem 2.1. Lei G M, (j) he a real function, and let qo he an integer with < 
qo < n — 1. Then, there exists a neighhorhood U of zq and a constant C (independent of 
(j)) such that 

\\dM\l+\\dlM\l + C\\u\\l 

\K\=k-l ij \J\=k j=l 

\K\=k~l ij \J\=kj=l 
3=1 j=qo+i 

for any u G B^{U). 

Proof. Let Au denote the sum in (12. 2p : we have 

p^iil = E'Eii^^-^^iiJ- E' E(W,WV (2-15) 

\J\=k j \K\=k-l ij 



(2.14) 
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Let Bu denote the sum in (12.111) : we have 

\\B<= E' J2^Sfu,K,Sfu,Kh. (2.16) 

\K\=k-l ij 

Remember that Au and Bu differ from du and d^u by terms of order which do not 
depend on 0. We then have 

\\du\\l + \\d;u\\l 

= \\Au\\l + \\Bu\\l + R ^2^^^ 
= ^ ^ ||LjUj||J + Re(^ ^{SfuiK,SfujK)^ - {LjUiK,L.^jK)<j> + R), 

\J\=k j \K\=k-l ij 

where R is an error coming from the scalar product of 0-order terms with terms LjUj, 
LjUjK or u. 

We want to apply now integration by parts to the term {Sfuix, SjujK)<j) and {LjUix, LiUjx) 
Notice that for each (f,ip & Cl{U H M), we have 

-{(fi, Liip)^ = (Sfip, ip)^ - (hip, ip)^ 

and for some aj, hi G C^(f/ fl M) independent of 0. 
This immediately implies 

''UiK, SfujK)<t> = -{Lj6fuiK, UjK)4, + R ^2 13) 

— {LjUiK, LiUjx)//) = [SfLjUiK, Ujx)^ + R 

From here on, we denote by R terms involving the product of u by 6'jU or Lju for j < n — 1 
but not twice a derivative of u. Taking the sum of two terms in the right side of (I2.18p . 
we get 

{SfuiK, SfujK)<t, - (LjUiK, LiUjK)4> = {[^f, Lj]UiK, UjK)4, + R- (2-19) 

Notice that (I2.18P is also true if we replace both Uix and UjK by uj for indices i = j < qo- 
Then we obtain 

\\L,uj\\l = \\6^uj\\l - i[6^,L,]uj,uj)^ + R. (2.20) 
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Applying ( ]219|1 and (ESO]) to the last line in (12X71) . we have 

\\du\\l+\\dlu\\l 

\K\=k-\i,j=\ \j\=ki=\ (2-21^ 

go n— 1 

j|=fe j=i j=go+i 

We replace in fl2.2ip the expression fl2.13p for [5f , Lj] and remark that the last two 

sums in the commutator produce an expression + (^^i^t)'^iK,UjK)^ which is 

an error term R. This yields 



\\du\\i,+ \\d;u 



.*„,l|2 



<?0 



\K\=k-lij=l \J\=kj=l 

\K\=k-lij=l \J\=k 3=1 (2.22) 

90 



UiK,UjK),t> - ^ y^(c-,jT(0)nj,Mj)^ 
l_ft'l=fc-iij=i |j|=fci=i 

go n 



|J|=fc i=i i=go+i 

Notice that Re^; = Rez, T = — T and that (cjj) is a hermitian metric, so that the fourth 
line in ( ]2.22p is identically zero. We denote by 5* the sum in the last line in ( 12.22^ . To 
conclude our proof, we only need to prove that for a suitable C independent of (j) we have 

R<2^{j2\\^>^\\i+ E fL^ujWi) + C\\u\\l. (2-23) 

\j\=k j=i i=go+i 

In fact, if we point our attention at those terms which involve Sju for j < qo or Lju for 

qo + ^ ^ j n — then f l2.23p is clear since S carries the corresponding square and 

Otherwise, we note that we may interchange Lj and 6^ by means of integration 
by parts. This concludes the proof of Theorem 12.11 

□ 

Furthermore, from (12.220 and (I2.23P we also obtain 
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\K\=k-lij=l |J|=fej=l 



+ Re(| ^{cijTuiK,UjK)^-YY{cjjTuj,uj)^^ (2.24) 

\K\=k-lij=l \J\=k j=l 



\K\=k-lij=l \J\=k j=l 

II J " WKjJ I I ' 

'\J\=k ' j=i i=go+i 
for any u G B'^{U), where C is a constant independent of 0. 



3. Kohn's Microlocalization 

In this section, we introduce the technique of microlocahzation by Kohn and present 
its main consequences. 

Let U be an open set in M (U may be shrunk if necessary). We choose real coordinates 
X = {x',X2n-i) = (xi, ...X2n~2, X2n-i) with thc Origin at Zo such that {i,-q^£-^) > and 
such that if we set Zj = Xj + \^—lXj^n-i for j = 1, . . . , n — 1, then wc have Lj\z„ = -§^\zo 
and T|^^ = -v^9^£77U<,- Let ^ = (^i, ...,{2n-i) = (C',6n-i) be the dual coordinates to 
the (xi, ...,a;2n-i)'s. 

Let C+,C~,C+ be a covering of IR^""-^ such as 

C+ ={e|6n-i>^iri}n{|e|>i}; 

(3.1) 

C° ={e|l6n-i|<^ie'|}u{Me|<3}. 

Thought out this paper, we fix a smooth function such that ■?/' = 1 in {^|.C2n-i > 

^IC'I} n {1^1 > 2} and supp^/- C C+; it follows that supp((iV^) C C°. Set ^+(0 — 

^-(Q := and := v^l - (^'+(0)^ - (^"(0)^- Define iP so that supp^^" C C° 

and -0° = 1 on a neigborhood of suppV'^ U supp((i'0"'") U supp(ci'0~). 

Associated to a function there is a pseudodifferential operator ^ with symbol (t(\E') = 
■0 whose action on a function (/? e C^{U) is defined by 

^(0 = ^(0^(0, 
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where " denotes the Fourier transform. The operators \E'^, and are defined as 
above with symbols ip~^, ip~, V'^ and ip^, respectively. 

By definition of ip^ , ip- , ip'^ and ip^, we have that ^+*^+ + ^-*^- + ^0*^0 = id 
and llf^'"'", ajv?!!, || [\E'~, || [\E'°, are estimated by where a G and 

± ± 

Finally, for A > to be chosen later, we define the symbols ip^iO — i^^i^/i^ + 
iPa{C) = '^'^{i/i^ + 1)) and denote by \E'^, the corresponding operators. 



Lemma 3.1. Let M be a CR manifold and Zo € M. Then, there exists a neighborhood U 
of Zo such that for any k = 0,1, . . . ,n — 1, we have 

ii^>ir+Q6(c<w,c<n) > iK^ii? 

for any u G B^{U), where ( is a cut-off function such that (\suppu = 1- 

Proof. The proof of lemma is obtained by applying Theorem 12.11 once for Qo = and a 
second time for g^, = — 1 and by using the estimate for symbols |cr(T) | < ^ {\a{Lj) \ + 

|cr(Lj)|) in the elliptic region C°. 

□ 

The following lemma is the analog of Lemma 4.12 and Lemma 4.13 in |N06] . 

Lemma 3.2. Let M be a pseudoconvex CR manifold and and cp a real C"^ function. Then, 
for any sufficiently small set U C M and any form u G B^{U), we have 



Y{c,jTCm\u,KX^\ujK) 



[I, 

\K\=k-l ij 



(3.2) 

\K\=k~l ij 

for any k = 1, . . . ,n — 1; and 



\K\=k-l ij \.J\=k j 



> - 

\K\=k-l ij \J\=k j 

,-„,l|2 „ lh?,0„,||2 



for any k = 0, . . . ,n — 2, where C\suppu = 1/ here c (resp. Cfp) is a positive constant 
independent (resp. dependent) of (p. 
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In combination with the basic estimate, Lemma [3.21 yields 

Corollary 3.3. Let zq & M and (j) be a real C°° function. Then there exist a neighborhood 
U of and constants c and such that for any u G B^{U) 

{i) c4^>\u\\^ + c\\c^\u\\i+\\d,c'^\u\\i + iia,*^c*>ii J 

\K\=k-l ij 

for any k = 1, . . . ,n — 1; and 

(ii) c^ii^>f + c\\c^-^u\\i+mnu\\i + wdun^wi 

\K\=k-i ij (3.5) 

\J\=k j 

for any k = 0, . . . ,n — 2. 

4. Global hypoellipticity for db 

Thoughout this section, we assume M endowed a nonnegative strictly CR-plurisubharmonic 
function A in a neighborhood of M; then there is a constant a > such that 

^{dbdb-dbdb)X + ad^>0. (4.1) 

Prom (14. ip . we obtain 

Y Y^"^"-^ + aCij)uiKUjK > |Mp (4.2) 

\K\=k-l ij 

for k = 1,2, ••• ,n — 1; and 

Y Y^^^^ + «Cjj)|mj|^ - X^(\j + aCij)uiKUjK > \u\'^- (4.3) 

\J\=k j \K\=k-l ij 

for k = 0, - ■ ■ ,n — 2. 

We use Corollary 13.31 for A = ta. We choose (p = tX combined with (14.21) on positive 
mircolocalization and = —tX combined with (14. 3 p on negative mircolocalization. What 
we get is 
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Proposition 4.1. Let M be a pseudoconvex CR manifold endowed with a strictly CR- 
plurisubharmonic function A as in f l4.ip . Then for any point zq G M, there exist a neigh- 
borhood U of Zq and constants c and Ct such that for any u G B^{U) 

{i) Qll^L^ir + m^tauftx + II^maC^*>II*a >i|l^*>lla (4.4) 
for any /c = l,...,n — 1; and 

(^^) Ct\\^>\? + \\dbC%aA''-tX + Wdl-txC^aA^X >j\\%aUf-tX (4.5) 

for any k = 0, . . . ,n — 2. 

In the following we define global norms from norms over local patches and give esti- 
mates on these norms. 

For a choice of a partition of the unity {(^} subordinate to a covering {U^}, we set 
Ui, = (^u. The global L2-inner product and the global if^'-Sobolev norm for u,v & are 
defined by 

(U, V) = ^(^'+U^, ^+V^) + (^%^, ^%^) + (^"M^, ^~V^), 

V 

and 

V 

It is natural to define the global weighted L2,t-inner product and if/-Sobolev norm by 

(h, A)t = $^(^iw., ^taV.)tX + ^taV,) + {<f^^U,, ^TaV.)-tX, (4-6) 
u 

and 

{H)l = E WT'^taU.Wtx + IIA^^L^.f + \\T'^7au4-tx- (4.7) 

It is easy to check that {\u,v\)o ~ {u,v) and that there exist constants Cs,t and c'^j- such 
that 

c's,tMl < {\u\)l, < Cs,tMl for any u G BK 
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\Cu = l on suppC 



Let {Cj,} be a sequence of cutoff functions such that for each z/, 
We have 

{\dtu\)l=J2\\^taCdu\\l + W^TaCduWla + W^lCduf 

V 

= E iiCv*ic°^«ii,\ + iic^^aOir-u + wcACdur + e{u) ^4.8) 

V 
V 

where E[u) is an error term that can be estimated by 

I^MI<(kl)?,o + aEll^?aC.«f. (4.9) 

Let 9^'* be the adjoint of d\, with respect to (|-, ■\)tf)- Similarly as for we have 

= E IKtxC^taUuWl + Wdl-txC^^aU.W-tx + ll^.X^tV.f + ^H- (4.10) 

V 

We define 

To control the term involving \E', we use Lemma [3.11 which yields 

Lemma 4.2. For any e > 0, there exist a constant q such that 

J2 W^Cuuf < e{Qt{\u, u\)t + {\u\)l,) + c,{\u\)l^, (4_n) 
1/ 

for any u & B'^ with < k < n — 1. 

Combination of Proposition |0 with ( 148]) . f l4.10p and Lemma |0] yields 

Proposition 4.3. Let M be a pseudoconvex CR manifold of dimension 2n — l with n > 3 
and endowed with a strictly CR-plurisubharmonic function. Then for any t suitably large 
there is a constant Ct such that 

ct{\u\)l_^ + Qb{\u,v\)t > t{\u\)lo (4.12) 

for any u & with 1 < k < n — 2. 

For 0<A;<'n, — 1, we define the space of harmonic fc-forms Ti^ by 

={u eB''\dbU = and Bt'^u = 0} 
* ^ ' ' ^ (4.13) 

={ueB''\Q,{\u,u\)t = 0} 
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On "Hf"*", we define 



If tlie inverse of Dfe^t exists on "Hf ^, we define tlie Green operator 

Gk,t = 



[Db,t)-^ onH^ 

on n^. 



We carry on our discussion for the case n > 3. Since L2,t is compact in i^^ \ Proposi- 
tion 14.31 implies tliat tfiere exists a constant q such that 

{\u\ft < CtQb{\u, u\ft for any u G Dom(4) n Dom(a;'*) n (4.14) 

for 1 < A; < n — 2. Thus, we have the following results: 

(1) For 1 < k < n — 2, T-L^ is finite dimensional and its dimension is independent of t. 

(2) The ranges of both db and 9^'* are closed on fc-forms for 1 < A; < n — 2. This also 
implies that dh has closed range at the bottom degree = and 9^' at the top 
degree k = n — 1. 

(3) Db,t has closed range and Gk,t exists and continuous on "Hf for any k = 0, - ■ ■ ,n — 
1. ' 

(4) For 1 < A; < n - 1, let / G satisfy 

'dbf = foTk<n~2 
f ± ker(9^'*) for k = n — 1. 

Set ut = dl'^Gk,tf, then m is a solution of equation BbU = f. 

(5) For < A; < n - 2, let / G satisfy 

d*/f = for A; > 
/ ± keT{db) for A; = 0. 

Set Ut = dbGk,tf', then m is a solution of equation Bl'^u = f. 
Together with the above enumerated results, we also have 

Proposition 4.4. Let M be a pseudoconvex CR manifold of dimension 2n—l (with n > 3 
and, in the case n = 2, with the extra assumption that db has closed range on functions) 
and endowed with a strictly CR-plurisubharmonic function. Then for any large t and for 
a suitable Ct we have for the two degrees k = and k = n — 1 which are missing in 
Proposition \4.3\ 

Ct{\u\)l_^ + Qb{\u,v\)t>t{\u\)lo (4.15) 

for any u G fl "H^ . 



16 T.V. KHANH 



Proof. 

Case 1, n > 2. Let / be smooth function orthogonal to ker((9;,); as above, if we set 
Ut = BbGo^tf then Bl'^Ut = f. Using the estimate (14.121) for the 1-form Ut, we get 



(4.16) 



t{\ut\)lo <{\dtut\)l + {\d;'W)l + c,{\u,\)l_, 

<{\f\)lo + Ct{\f\)U 
Hence, we have the estimate for / 

t{\f\)io =t{\f,dt\\),,o = mf,u,\),,o 

<CMf\)lo + ^tmu,\)l (4.17) 
<CMf\)lo + ^m\)lo + Ct{\f\)U 
For e small, we obtain the L2-norm estimate for any function / ± ker^db) 

i(l/l)?,o<(I^JI)'o + Q(l/l)'-i- (4.18) 

Case 2, n = 2. There is no estimate provided by Proposition 14.31 We observe that we 
have the estimate for postive microlocalization at degree 1 and negative microlocalization 
at degree 0. We prove how to get the estimate for postive microlocalization at degree 0. 
We use the extra assumption that Bh has closed range on functions. Thus the operator 
B^j-)^Bb has closed range on ker^Bb) and we have Go.a = {B^,txBb)~^ on ker((9fe)^. 

Let / be a smooth function on ker((9fe)^; we set Ut = BbGo^txf', then Bl^yUt = /• 
The proof goes through in the same way as (14.161) and (14.171) with (|-,-|) replaced by 
YlS^^Cu-, '^^Cu-)tx and we obtain 

t W'^tauwix < E wdb'^taUWi +ctJ2 w^taUWtx- (4-19) 

V V V 

Combination of (14.191) with Proposition 14.11 yields 

< m\ft + ct{\f\)\t for any / ± ker(a). (4.20) 



The same argument applies to the case of top degree k = n — 1 ( both for n > 3 and 
n = 2). 

□ 

One applies the L2 estimate in (I4.12p and (I4.15P to the s-derivatives of u and controls 
error terms coming from commutators by the aid of a big constant t depending on s. In 
this way one obtains the proof of the theorem below about if^-estimates for the system 

iBb,Bt'). 

Theorem 4.5. Let M be a pseudoconvex CR manifold of dimension 2n — l (where n > 3 
and, in case n = 2, with the extra assumption that Bb has closed range on functions) 
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and endowed with a strictly CR-plurisuhharmonic function. Then, for any integer s there 
exists a constant Tg such that for any t >Ts, we have 

(kl)L<CM((l^.«l)l + (l4*'*«l)U (4.21) 
for any m G fl "Hf with < k < n — 1 where Ct^s is a constant depending on t ad s. 

Also, an immediate consequence of Theorem 14.51 is the proof of Theorem 11.21 for whose 
completion only minor details must be clarified. 

Proof of Theorem By the method of the elliptic regularization one passes from a 
priori estimates fl4.2ip to actual estimates and obtains solvability. By an approximation 
argument, one obtains a C°° solution as a sum of a convergent series u = ^^(ms+i — Ug) 
{s integer). The proof of Theorem 11.21 is complete. 

□ 

The following corollary to Theorem 14.51 is one key ingredient for the proof of Theorem 
11.51 in Section E] below. 

Corollary 4.6. Under the hypothesis in Theorem \1.2l we have 

" ' " ~ " (4.22) 

\\^-T'd*/Gk,tuf Sl'^'T'uf + \\^^A'uf, 

\\^-T'dGk,tuf <||^"T^Mf + W^^A'uf. 

for any u & . 



5. The Straube-Boas formula for Green operators 

In this section, we shall show the expression of the Green operator by Szego pro- 
jection and anti-Szego-projection (similar as to Straube-Boas formula in {BS90j for the 
9- Neumann operator). 



From Proposition 14.41 the operator dh has closed range on fc-forms for Q < k < n — 2. 
Thus dl (the unweighted adjoint of 8^) has also closed range on /c-forms for 1 < k < n — 1. 
This implies 

Ikf < ll^bwf + Il4*wf (5.1) 

for any -u G fl 'H''-^ and the Green operator Gk exists and is L2 continuous for any 
/c = 0, 1, . . . , n — 1. Let Sk be the Szego projection, the operator that projects to the 
space of holomorphic fc-forms {u G Dom{d) fl Lgl^w = 0}. By Kohn's formula we have 



Sk 



dlGk+idb for < A; < n - 2, 
for k = n — 1. 
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Let At be the operator defined by 

{Atu,v) = {\u,v\)t. 

Denote A^^ be the inverse of At. Notice that both At and A^-^ are self-adjoint in L2. 
Define 

Mfc = (J - Sk)d*/Gk+i,tSk+iAtGkAA7\l - Sk) for A; = 0, 1, ...,n- 2, 

Nk = SkAtGkA^t\l - Sk-i)d*/Gk,tSk for A; = 1, n - 1. 

Theorem 5.1. There exists Tq > such that for any t > Tq the following equalities hold 

( Mk for k = 0, 

Gk = I Mk + Nk for 1 < k <n-2, (5.3) 
I Nk for k = n — 1. 

Proof. We only prove the theorem in the cases 1 < k < n — 2, the proof of the cases 
k = and k = n — 1 being similar. 

For 1 < k < n — 2, since 

Gk =Gk{d,dl + dld,)Gk = {Gkd){d*Gu) + {d*Gk+i){Gu+id) 
={d*Gund*Gu) + {d*Gu+iWGk+ir 
it suffices to write BlGk and BlGk+i in terms of Szego projections. 

Let g G and set / = Stg] then g is a, 9f,-closed form. By Theorem 11.21 there exists 
a constant t (sufficientlty large) such that u = dl'*Gk,tf G B'^"^ is a solution of equation 
dbU = f. So we have 

(/ - Sk-i)d*/Gk,tSk9 = dlGkdbd*/Gk,tdb'^ 

= dlGkdbU = dlGkSkg = B^Gkg. 

Moreover, we have 

{u,Gkdbv) = {BlGkU.v) 



(5.5) 



((/ - Sk~i)dl'^Gk,tSkU, v) 
{B*/Gk,tSkU, (/ - Sk-iv) 
{\dl^'Gk,tSkU,A;\l-Sk-i)v\) 
{\SkU,GkAA;\l -Sk-i)v\) 
{u,SkAtGkAAT\l -Sk-i)v) 



(5.6) 



for any ueB''{Uy,ve B^-\U) 



GLOBAL HYPOELLIPTICITY... 19 

Therefore, we obtain the equahties 

dlGk = {I — Sk-i)dl'^Gk,tSki 
Gkdb = SkAtGk^tdh^t ^(-^ ^ Sk~i)- 

Combining (15.41) and (15. 7p we get the proof of Theorem 15. li 

□ 

Similarly, we define the anti-Szego-projection 



Rk 



I - dbGk-idl for 1 < A; < n - 1, 
/ for = 0. 



We can check that this operator projects to the space of anti-holomorphic forms 
{u e Dom{d) n Ll\d*u = 0}. Let 

Pk = Rkd;''Gk+iAl-Rk+i)AtGkA^t'Rk for A; = 0,1,..., n- 2, 
Qk = il- Rk)AtGkAA7'Rk-idl''Gk,tiI - Rk) for = 1, n - 1. ^^'^^ 
Theorem 5.2. For large t the following equalities hold 

'Pk fork = 0, 

Gk= {Pk + Qk forl<k<n-2, (5.9) 
Qk for k = n — 1. 

Proof. The proof of this Theorem is entirely analogous to the case of the Szego pro- 
jection. 

□ 



6. 6'-COMPACTNESS ESTIMATES 

Let 9 = {6i, . . . , 9n-i) be a vector field. We define the operator Q : B'' B^^^ by 

Qu = '^^OjUjOJj A uk- (6.1) 

\J\=k i 

We denote by 9* : B^~^^ B^ the L2-adjoint of 9, that is 

e*U= ^OjUjKOJR- (6.2) 

\K\=k-l i 

Notice that |9*m| coincides with \9u\ formerly defined. 
We define now "microlocalized 6'-compactness estimates" . 
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Definition 6.1. A ^-compactness estimate is said to hold for on positively (resp. 
negatively) microlocalized fc-forms at Zq if there exists a neigborhood U of Zq such that 
for any e and suitable we have 

{e - C)^ ||0*C^+wf < eiWdbC^+uf + ||a*C*+uf ) + c,\\^%\ti, (6.3) 

(resp. 

{6 - Cf_ ||0C^-nf < eiWdbC^-uf + WdlC'^-uf) + c,\\^%f_^.) (6.4) 

for any u G B^{U) such that Clsuppu = 1- 

Positively and negatively microlocalized estimates are related, in complementary degree, 
by the aid of the star-Hodge theory. 

Proposition 6.2. We have that (9 - C)'t is equivalent to (9 - 0)1"^'^. 

Proof. We define the local conjugate-linear duality map : ^ ^n-i-fc follows. 

If M = UjUj then 
\j\=k 

where J' denotes the strictly increasing {n — k — l)-tuple consisting of all integers in 
[l,n — 1] which do not belong to J and e'^'^^_^y is the sign of the permutation {J, J'} ^ 
{l,...,n-l}. 

Since C^+m = C^"^; then 

Also, F^-i-^F'^C^+M = C^+m; HF'^C^+mH = ||C^"m||; 

(9bF^C^^M = F''~^d;C'^-u +■■■ 
dlF^C^+u = F'^+^dbC^'u +■■■ 

where dots refers the term in which u is not differentiated; and finally 

eF'^c^+u = F^-ie*c^~M 
Q*Fk^^+^ = F''+^ec^-u. 

Thus we obtain the proof of Proposition 16. 2[ 

□ 

We also remark that if a positively (resp. negatively ) microlocalized ^-compactness 
estimate holds on g-forms, then it also holds in higher (resp. lower) degree of forms. 

Proposition 6.3. Let M be CR manifold; then 

(i) {9 — C)^ implies {9 — C)^ for any k > q. 

(ii) {9 — Cy_ implies {9 — C)'t for any k < q. 
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Proof. We first discuss the positive mircolocalization case; in particular we only need 
to show that {9 — C)^ implies {9 — C)'^^. Let u = Yl' '^l^l have degree k + 1. We 

\L\=k+l 

rewrite m as a non-ordered sum 

^ ' |L|=fc+l 1=1 \J\=k 

For Z = 1, . . . , n — 1, we define a set of fc-forms vi by vi := Yl' ^u^^ j- It is easy to see that 

\j\=k 

n—l n—1 

J2 l^/P = + and Yl Yl' CijT{vi)iK{vi)jj^ = ^ E' CyTuijUjj for each pair 

1=1 /=l|A'|=fc-l \J\=k 

Using f l2.24p for the case = 0, we have 

n n ^ n 

1=1 1=1 j=l ij \K\=k-l 

q n 

= + 1) (2 E ll^X^^^ir + c||C^+nf ) + kJ2' Y.(^^JTC^^uu, C^^U.j) 

^ + 1) E ii^K^^^f + E' E(^^^-^c^"'^^^' c^Sv)) 

+ c\\C^+u\\^ + c'\\^\f 

< ^{k + 1)Q(C^+M, C^+m) + cllC^+wf + c'||^%f 

where c and c' are constants (different in each line). Here the second inequality follows 
from Lemma 13.21 and the last one from Theorem 12.11 Moreover, we have 

n-l 

J2\e*vi\^ = k\Q*u\. 

1=1 

This concludes the proof of the positively mircolocalized case. 

We discuss now the negatively microlocalized case. Let u = Y' '^k^k have degree 

|i^|=fe-i 

k — 1. For 1=1,.. .,n, define Vi = Y' '^k^k /^^i', this has degree k. Then the proof follows 

\K\=k-l 

the same lines as in the positive microlocalization case. 

□ 

We prove now the 6'-compactness estimate (16. 3 p and (16.40 when Property {9 — Pq) holds. 
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Proposition 6.4. Let M be a pseudoconvex CR manifold. Assume that property {6 — Pq) 
holds at Zo- Then 

(i) A 9 - compactness estimate on positively microlocalized k forms {6 — C)^ holds for 
any k > q. 

(ii) A 6-compactness estimate on negatively microlocalized k forms {9 — CY_ holds for 
any k < n — 1 — q. 

Proof, (i) We assume that we have family 0*^ with properties 

b'\ < 1 

eE' E^,<l^h^^KU,K>\eu\'■, (6-6) 
\K\=q 

and we first show that {6 — C)^ holds. 

We will apply the first inequality of Corollary 13.31 for A = and = xi^P"^) where x is 
a function to be chosen later. First, we notice that 

(x(0^))ii = X0-, + xl0,f'^ii, (6.7) 
(where the Kronecker symbol) and 

|a,>|2< 2\dtu\' + 2x' E' \E,<P,u,k\'. (6.8) 

\K\=k-l 



Thus we get from f l6.9p and taking into account (16. 7p and f l6.8p 



> 



K\=k-1 j 



We choose x such that x ^ 2%^ for t < 1 (for example: x(^) = ^). Combination of 
(16. 6 p and (16.91) yields {6 — C)\. Next, by Propostion 16.31 we obtain — for any k > q . 



(ii) is a consequence of (i) in addition to Proposition 16.21 

□ 



7. Global hypoellipticity for 
We write the commutator [Lj,T] as 

[Lj, T] = OjT + Vj where Vj are error terms in T^'°M © T°'^M. 
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Associated to the vector-operator {9jT)j there are the operators 6 and 9* defined by 
f l6.ip and (I6.2p . Using the vector-operator above defined, we introduce 

Vu = VjUjCUj A Co J, 

\J\=kj<n-l 



and its adjoint 



We have, in other words 



V*U = ^ ^ VjUjK<^K- 
\K\=k-lj<n-l 



[db,T]=eT + V, 
[d^,T] = e*T + V*. 

By induction, we get the equahties on higher power of T 
If we consider Kohn's microlocahzation, we have 



(7.1] 



(7.2) 



[d, {^+T'y{^+T')]u = ($+r^)* (^2sCe^+T*u + good+u 
[B*, (^-T*)*(^-T")]n = {^-T'Y (2sCe*'^'T'u + good^u 



(7.3) 



for any u G B^{U), where ^ G C^iJJ) is a cut-off function such that Clsuppu = 1 and 
"good^" denotes a term which satisfies 

llgood^wf < W^^T'-^Vuf + \\^^T'-^V*uf + (7.4) 

This is just a consequence of (17.21) by the aid of Jacobi identity. Now, we claim that the 
first term in the right hand side of (17.41) can be estimated as 

for any u G B^{U). In fact, using twice Theorem 12. II for go = and qo = n — 1 and taking 
summation, we get 

II Wf + II V*Mf < \%uf + ||a>|| + ||Tm|| ||m|| (7.5) 

for any u G B^{U). Replacing u in (17.51) by \I'''=T^~^m, we get the proof of the claim. We 
are ready for the central result 

Theorem 7.1. Let q be an index 1 < q < n — 1. Assume that property {6 — Pq) holds at 
Zo and that M is endowed with a strictly C R-plurisuhharmonic function; then there exists 
a neigborhood U of Zq such that 

W^^T'Sk-xuf < ll^+T^wf + ||^°m||^ (7.6) 



24 T.V. KHANH 

for any u G B^^^{U) with k > q, where s > is integer . Moreover, we have 

ll^+TOfcwf < ll^+T^wf + (7.7) 
for any u G B^{U) with k > q. 

Proof. We want to use induction on k = n, . . . ,q. We start on n — 1 forms; since 
Sn-i = I, then ( 17.6P trivially holds. 

Now, we assume by induction that (17. 6p holds on (0, /c)-forms. Since k < n, we use 
Kohn's formula for Szego projection Sk-i = I — B^Gkdb to get 

\\^+T'Sk-iuf =(^+T^5fc_iM,^+T%) - {^+T'Sk-iu,^+T'dtGkdbu) 

={^+rSk-iu, ^+ru) - {{^+Ty^+rdbSk-iu, Gkdtu) (7.8) 
+ {[Bk, {^+Tr^+T']Sk-iu,Gkdku) 

We describe how to estimate the second two lines. The first term is controlled by the 
"small/large constant" argument. The second is 0. Hence we only need to estimate the 
last term. By (17. 3p . we have 

+ (good+5fc_in,^+T^G,.9bn) 
<e(||^+TO,.a,nf + \\^+T'Sk-iuf) '^^ 
+ c^good+Sk-iuf + \\QX^+T'Gkdkuf). 

To estimate the first term in the last line of (17. 9p , we combine (I7.4p and Proposition 17.41 
We obtain: 

||good'''S'fe_iu||^ < e||\&'''T'*S'fc_iM||^ + c^admissible, (7-10) 

where "admissible" stands for a term of type ||\E'^T'*m|P + ||\E''^n||^ + ||\l'^T*^"'^5'fc_iu|p and 
where e and are possibly new constants. 

For the second one in the last line of (17. 9p . we use the hypothesis of the theorem, apply 
Proposition 16.41 (i) and use the (6* — C)^ estimate in degree k > q. This yields 

WQX'^^T'Gkd.uf MWdbC'^^T'Gkd.uf + \\dtC^+T'Gkd,u\\) + cJ^°TO,a,nf 

<e(||^+TCfca6Mf + ||^+T^5fc_inf ) + ^admissible. 

Combination of fl7:8|) . fl7:9|) .f l7:T0|) and f Tmj) yields 

\\^+T'Sk_iuf < eW'^+T'Gkdbuf + ^admissible. (7.12) 

We apply now Theorem 15.11 

GkdbU = SkAtGk,tdbA^^{I - Sk-i)u. 
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We then get 

<Cs\\'^^T'AtGk,tdbAt\l - Sk-i)uf + admissible 
<C,||^+T'(/ -Sk-i)uf + admissible 
<Cs\\'^^T'Sk-iuf + admissible. 

Here the first inequality follows from the inductive hypothesis and the second one from 
Corollary 14. 6[ Combination of fl7.12p and fl7.13p yields the regularity of Sk-i which con- 
cludes the proof of inequality (17.61) . 

The proof of the second inequality, that is (17.71) . is immediate consequence of Corol- 
lary 1121 Theorem 15.11 and the first inequality, that is (17. 6p . in both cases n = 2 or n > 3. 

□ 

Using the anti-Szego-projection and induction over increasing degree starting from 
degree, we obtain a perfectly symmetric statement for the negative microlocalization. 

Theorem 7.2. Let q be an index 1 < q < n — 1. Assume that property [9 — Pq) holds at 
Zo and M is endowed with a strictly C R-plurisuhharmonic function; then there exists a 
neigborhood U of Zo such that 

W^'T'Rkuf < \\^-T'uf + (7.14) 
for any u G B^{U) with k < n — q, where s > is integer . Moreover, we have 

W'^-T'Gkuf < ll^-T^wf + (7.15) 
for any u G B^{U) with k < n ~ q ~ 1. 

Corollary 7.3. Let q be an index I < q < Assume that Property [6 — Pq) holds at 
Zo and M is endowed with a strictly C R-plurisubharmonic function; then there exists a 
neighborhood U of Zq such that 

WG^Al <\\Al (7.16) 

for any u G B^{U) with q<k<n — q — 1. 

Proof. This is just a combination of Theorem 17. II for \E'"''m, Theorem 17.21 for \E'~m and 
Lemma [3. II for \E'°m. 

□ 
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(7.13) 
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Proof of Theore'm \1.5[ Let u & and {C,u} be a partition of the unity subordinate to 
the covering {U^} of M satisfying YlCu = 1- Using Corollary 17.31 on each U^, we get. 

\\GkU\\s = \\Gk^CuU\\s < ^ \\GkCuU\\s 

(7.17) 



Using the method of elliptic regularization as in |FK72] the a priori estimate fl7.17p be- 
comes an actual estimate in H'^ which yields the conclusion of the proof of Theorem 11.51 

□ 

Appendix 

The following is the Hodge decomposition theorem for db- 

Theorem 7.4. Let M be the CR manifold of dimension 2n — 1 with n > 2. Assume that 
db has closed range on k-forms with < k < n — 2. Then for any < k < n — 1, there 
exists a linear operator Gk '■ LF'{M) — )■ LF'{M) such that 

(1) Gk is hounded andTZiGk) C Dom(Pib)- 

(2) We have 

'l-dlGk+idb for0<k<n-2, 
I for k = n — 1, 



k 



Ri 



I - BbGk-iBl forl<k<n-l, 
I for k = 0. 

(3) For any L2 form a of degree k, we have 

{ BbdlGka © BlBbGka ifl<k<n-2, 
a = < BlBbGkd © SkOL if k = 0, 

yBbB^GkQ © Rka if k = n - 1. 

(4) If 1 < k < n - 2, we have 

GkOb = DbGk = I on Dom(Db), 
BbGk = Gk+iBb on Domipb), 

BlGk = Gk-iBl on Dom{dl), 

Sk + Rk = I- 

(5) We have 

Go = B;GlBb and G^-i = BbGl_,d;. 
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